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Abstract

Apresento uma demonstração baseada na categoria Ens e do objeto universal desta categoria para

teorema fundamental dos morfismos.

palavras chave: morfismo de grupos, subgrupo normal, teorema fundamental dos morfismos de

grupo.

I am presenting a proof of the fundamental theorem of morphism based on the category Ens and its

universal element.
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1 Morphisms

Here you are a very short proof of fundamental theorem of morphisms. I was just trying to prove

myself this important theorem and facing some difficulty, then I look around for some ideas when I come

myself to think about the equivalent classes generated by any function on its domain and comparing them

with the translations of a subgroup ker(f) and this was the point to finish the proof.

Obviously this is a very known theorem and it is almost sure that someone has already come by this

same proof I am presenting here. But if any such proof exists it is not easy do find it. The proofs I found,

for an instance at [1], are much longer and involved and doesn’t make use of the relation of equivalence

that a function generates in its domain of definition, see [2, page 53].

This theorem is very well known under the name of fundamental theorem of homomorphism. and it

states that the subgroup ker(f) is a normal subgroup

G,G′ grupos ; (1)

G
f
→ G′ group morfism; (2)

H ⊲ ker(f); (3)

This theorem says nothing if the group is commutative because then gH = Hg for all its subgroups.

Hence I am going to use the multiplicative notation as its common to do when dealing with non-commutative

groups.

Theorem 1 (Fundamental). of morphisms

The kernel of a group morphism is a normal subgroup.

Proof. Consider a group G, and a group morphism G
f
→ G′, H = ker(f) the inverse image by f of the identity element of G′.

Then H is the equivalence class mod f of the identity, the function which defines the morphism, H = f−1(1).
As the multiplication by g ∈ G is a permutation of G then (g ∗ H)g∈G generates a partition of G in which there occurs

repetition of classes, for an instance,

g1 6= g2, g1, g2 ∈ H =⇒ g1 ∗H = g2 ∗H = H; (4)

As G is not necessarily abelian, this is the reason I am using a multiplicative notation, then there are two systems of classes,

• classes to the right (H ∗ g)g∈G

• classes to the left (g ∗H)g∈G

By the property already mentioned, that the multiplication by an element of the group is a permutation, the set of classes, to

the right or to the left are partitions of G and as

f(g ∗H) = f(g) ∗ f(H) = f(g); f(H ∗ g) = f(H) ∗ f(g) = f(g) (5)

because of the commuting property of the identity with all elements of the group we have that lateral classes to the left coincide

with the lateral classes to the right. The classes defined by f as a function coincide with the classes to the right and to the left,

(∀g) (H ∗ g = g ∗H) (6)

the subgroup H is a normal subgroup and there is only one class system.
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